Abstract. The author classifies Klein four symmetric pairs of holomorphic type for the non-compact Lie group of Hermitian type E 7(−25) , and applies the results to branching rules.
1. Introduction 1.1. Notations. Denote by R and C the real field and the complex field respectively. For any positive integer n, denote by I n the n × n identity matrix. For a Lie group G with its Lie algebra g, denote by AutG and Autg the automorphism group of G and g respectively. Also, denote by Intg the subgroup of Autg, which contains all the inner automorphisms of g. For a subgroup H of AutG, write G H := {g ∈ G | f (g) = g for all f ∈ H}. Similarly, for a subgroup H of Autg, write g H := {X ∈ g | f (X) = X for all f ∈ H}. Moreover, if two elements g 1 and g 2 in the group G are conjugate by an element in the subgroup H of G, i.e., g 2 = h −1 g 1 h for some h ∈ H, then write g 1 ∼ H g 2 ; else, write g 1 ≁ H g 2 . If g 1 , g 2 , · · · , g n are n elements in a group G, then denote by g 1 , g 2 , · · · , g n the subgroup of G generated by g 1 , g 2 , · · · , g n .
1.2.
Outlines. Symmetric pairs were classified byÉlie Joseph CARTAN and Marcel BERGER in [2] , [3] , and [1] . Jingsong HUANG and Jun YU studied semisimple symmetric spaces from a different point of view in [5] ; that is, by determining the Klein four subgroups in the automorphism groups of compact Lie algebras. As an extension of the work of [5] , Jun YU classified all the elementary abelian 2-groups in the automorphism groups of compact Lie algebras, where groups of rank 2 are just Klein four subgroups. However, the classification of Klein four subgroups in the automorphism groups of non-compact simple Lie algebras is not complete. In [4] , the author classified the Klein four symmetric pairs of holomorphic type for the simple Lie group E 6(−14) . In this article, the author studies the Klein four symmetric pairs of holomorphic type for the simple Lie group E 7(−25) := Aute 7(−25) .
The motivation to study the Klein four symmetric pairs of holomorphic type comes from the branching problem raised by Toshiyuki KOBAYASHI in [10, Problem 5.6] . Concretely, one may want to classify the pairs (G, G ′ ) of real reductive Lie groups satisfying the following condition: there exist an infinite dimensional irreducible unitary representation π of G and an irreducible unitary representation τ of G ′ such that
where K is a maximal compact subgroup of G, g is the complexified Lie algebra of G, π K | g ′ is the restriction of underlying (g, K)-module of π to the complexified Lie algebra g ′ of G ′ , K ′ is a maximal compact subgroup of G ′ such that K ′ ⊆ G ′ ∩ K, and τ K ′ is the underlying (g ′ , K ′ )-module of τ . For symmetric pairs (G, G ′ ), the problem was solved in [11, Theorem 5.2] . Unfortunately, it is unknown for general cases, even for Klein four symmetric pairs.
A sufficient condition of it is that π is K ′ -admissible by [8 
) are said to be isomorphic if there exists a Lie group (respectively, Lie algebra) isomorphism f :
Suppose that G is a real simple Lie group of Hermitian type; that is, G/K carries a structure of a Hermitian symmetric space where K is a maximal compact subgroup of G. Equivalently, the center Z(k 0 ) of Lie algebra k 0 of K has dimension 1. Take a Cartan involution θ for G, which defines K. Let τ be an involutive automorphism of G, which commutes with θ. Use the same letter τ to denote its differential, and then τ stabilizes k 0 and also the center Z(k 0 ) = RZ. Because τ 2 = 1, there are two possibilities:
is said to be of holomorphic (respectively, antiholomorphic) type if τ Z = Z (respectively, τ Z = −Z), in which case τ may be said to be of holomorphic (respectively, anti-holomorphic) type for convenience.
According to the classification of the symmetric pairs of holomorphic type and anti-holomorphic type in [9, with a maximal compact subgroup K, its Lie algebra g 0 satisfies the condition that a Cartan subalgebra h 0 of k 0 becomes a Cartan subalgebra of g 0 . Moreover, there exists a characteristic element Z ∈ Z(k 0 ) such that g = l ⊕ p + ⊕ p − is a decomposition with respect to the eigenspaces of Z on the complexified Lie algebra g corresponding to the eigenvalue 0, √ −1, and − √ −1 respectively. Similarly, remove the subscript, and then h denotes the complexification of h 0 . Choose a positive system Φ + for (g, h) and its simple system ∆. Denote by Φ + k the set of the positive roots of (k, h), and write Φ
Suppose that V is a simple (g, K)-module, and then set
Recall the definition of unitary highest weight representations. If π is a unitary representation of G on a Hilbert space H, and H K is the underlying (g, K)-module, then π is called a unitary highest weight representation if
Proposition 3. Let G be a real simple Lie group of Hermitian type, and
Proof. 3.1. Elementary abelian 2-subgroups in Aute 6(−78) . The aim of this part is to recall the elementary abelian 2-subgroups in Aute 6(−78) , which is helpful to study E 7(−25) . Let e 6 be the complex simple Lie algebra of type E 6 . Fix a Cartan subalgebra of e 6 and a simple root system {α i | 1 ≤ i ≤ 6}, the Dynkin diagram of which is given in Figure 1 . For each root α, denote by H α its coroot, and denote by X α the normalized root vector so that [X α , X −α ] = H α . Moreover, one can normalize X α appropriately such that
is a compact real form of g by [6] . It is well known that
which is just the automorphism group of the Dynkin diagram. Follow the constructions of involutive automorphisms of e 6(−78) in [5] . Let ω be the specific involutive automorphism of the Dynkin diagram defined by
, where exp represents the exponential map from e 6(−78) to Aute 6(−78) . Then τ 1 , τ 2 , τ 3 , and τ 4 represent all conjugacy classes of involutions in Aute 6(−78) , which correspond to real forms e 6(2) , e 6(−14) , e 6(−26) , and e 6 (6) .
From [5] , it is known that (Inte 6(−78) ) τ3 ∼ = F 4(−52) , the compact Lie group of type F 4 , and there exist an involutive automorphism η of F 4(−52) such that f
where f 4(−52) denotes the compact Lie algebra of type F 4 . Moreover, ((Inte 6(−78) ) τ3 ) η ∼ = Sp(3) × Sp(1)/ (−I 3 , −1) . Let i, j, and k denote the fundamental quaternion units, and then
, and
For a pair (r, s) of integers with r ≤ 2 and s ≤ 3, define
and . Let g = e 7 , the complex simple Lie algebra of type E 7 . Fix a Cartan subalgebra of e 7 and a simple root system {α i | 1 ≤ i ≤ 7}, the Dynkin diagram of which is given in Figure 2 . Let u 0 = e 7(−133) , the compact simple Lie algebra of type E 7 , and G = Autu 0 . By [12] , there are exactly three conjugacy classes of involutive automorphisms in G with representatives σ 1 , σ 2 , and σ 3 such that
where c is a certain element in the center of Spin (12), c ′ is a nontrivial element in the center of the compact Lie group E 6(−78) , and ω is an involutive automorphism such that (e 6(−78) ⊕ √ −1R) ω ∼ = f 4 ⊕ 0, su(8) ω = sp(4). The author needs to find all the elementary abelian 2-subgroups in Autu 0 containing σ 2 because the noncompact dual of u 0 corresponding to σ 2 is just e 7(−25) . By [12] , the elementary abelian 2-subgroups in Autu 0 containing σ 2 are all induced from Aute 6(−78) as follows.
Denote by G σ2 the subgroup of G σ2 generated by E 6(−78) and ω. Let p : G σ2 → Aute 6(−78) be the adjoint homomorphism, and let i : G σ2 → G σ2 be the inclusion map. Retain the previous notations, and τ i for 1 ≤ i ≤ 4 lie in G σ2 . By [12] , one has On the other hand, fix an involutive automorphism θ of u 0 , and by holomorphic extension and restriction, θ is a Cartan involution of a noncompact dual g 0 of u 0 . Let Θ : Autu 0 → Autu 0 be given by f → θ −1 f θ, whose differential is θ on u 0 . Suppose that Γ 1 and Γ 2 are two finite abelian subgroups of Autu 0 , which are centralized by θ. If Γ 2 = g −1 Γ 1 g for some g ∈ (Autu 0 ) Θ , then Γ 1 and Γ 2 are conjugate in Autg 0 because (Autu 0 ) Θ is contained in Autg 0 . Thus, for a compact Lie algebra u 0 , a pair (θ, Γ) with θ an involutive automorphism of u 0 and Γ a Klein four subgroup of Autu 0 such that θ / ∈ Γ and θ centralizes Γ, gives a Klein four symmetric subalgebra of the noncompact Lie algebra g 0 = u
0 . Moreover, if two such pairs are conjugate Autu 0 , then they give a same Klein four symmetric pair up to isomorphism. Here, the pairs (θ 1 , Γ 1 ) and (θ 2 , Γ 2 ) are said to be conjugate in Autu 0 if there exists an element g ∈ Autu 0 such that θ 2 = g −1 θ 1 g and Γ 2 = g −1 Γ 1 g. Now let g 0 = e 7(−25) . Retain the notations u 0 = e 7(−133) and G = Autu 0 as before. In order to find all the Klein four symmetric pairs of holomorphic type for g 0 , according to the argument above, the author needs to find all the conjugacy classes of the pairs (θ, Γ) with θ ∈ G involutive automorphisms and Γ ⊆ G Klein four subgroups, which satisfy the following four requirements:
(i) θ / ∈ Γ; (ii) θ ∼ G σ 2 ; (iii) θ centralizes Γ; (iv) every element σ ∈ Γ is identity on the center of u θ 0 ; namely, each σ ∈ Γ gives a symmetric pair of holomorphic type for g 0 = u
Because of the requirements (i), (ii), and (iii), one knows immediately that each subgroup generated by such θ and Γ must be conjugate to one of the 8 subgroups listed in Lemma 5 up to conjugation. In order to obtain more information, the author makes use of some tools defined in [12] . For an elementary abelian 2-subgroup F of G, define
which is a subgroup by [12, Lemma 7.3] . Moreover, define
given by m(x, y) = −1, if x, y is the only Klein four subgroup up to conjugation such that Table 4 ]; and m(x, y) = 1 otherwise. The defect index is defined as
Lemma 6. If the subgroup generated by θ and Γ is conjugate to x 0 , x 1 , σ 2 in G, then the pair (θ, Γ) cannot satisfy the requirement (iv).
Proof. Without loss of generality, the author assumes that the group generated by θ and Γ is equal to x 0 , x 1 , σ 2 . By the constructions in [12] ,
Hence, the elements conjugate to σ 2 are exactly σ 2 , x 0 , and x 0 σ 2 .
Suppose that θ = σ 2 . Because u Proof. Without loss of generality, assumes that the group generated by θ and Γ is equal to x 0 , x 4 , σ 2 . Firstly, x 4 ∼ G σ 1 by [12, Lemma 7.5] . Secondly, by [12, Proposition 7.9] , one obtains that defe x 0 , x 4 , σ 2 = 6, and then the elements in x 0 , x 4 , σ 2 are all conjugate to σ 2 except 1 and x 4 .
Let θ be an element conjugate to σ 2 . Suppose that Γ contains x 4 ; namely, Γ = x 4 , z for some element z conjugate to σ 2 other than θ or x 4 θ. Then let f be a group automorphism from x 0 , x 4 , σ 2 to itself, with f (θ) = σ 2 , f (x 4 ) = x 4 , and f (u) = x 0 . It is obvious that f (g) ∼ G g for all g ∈ x 0 , x 4 , σ 2 . Also, x 4 is the unique element conjugate to σ 1 in x 0 , x 4 , σ 2 , so f gives a conjugation between the pairs (θ, Γ) and (σ 2 , x 0 , x 4 ) by [12, Proposition 7.25] . But x 0 is not identity on the center of u σ2 0 , so the pair (θ, Γ) does not satisfy the requirement (iv). Suppose that Γ does not contain x 4 ; namely, Γ = z 1 , z 2 for two elements z 1 and z 2 conjugate to σ 2 such that z 1 z 2 ∼ G σ 2 and θ is not equal to z 1 , z 2 , or z 1 z 2 . Then let f be a group automorphism from x 0 , x 4 , σ 2 to itself, with f (θ) = σ 2 , f (z 1 ) = x 4 σ 2 , and f (z 2 ) = x 0 . It is obvious that f (g) ∼ G g for all g ∈ x 0 , x 4 , σ 2 . For the same reason, the pair (θ, Γ) is conjugate to (σ 2 , x 0 , x 4 ), and the pair (θ, Γ) does not satisfy the requirement (iv).
Lemma 8. If the subgroup generated by θ and Γ is conjugate to y 0 , y 1 , σ 2 in G, then the pair (θ, Γ) cannot satisfy the requirement (iv).
Proof. Without loss of generality, assumes that the group generated by θ and Γ is equal to y 0 , y 1 , σ 2 . Similarly, one obtains immediately from [12] that y 0 = τ 4 ∼ G σ 3 , y 3 ∼ G σ 1 , y 1 σ 2 ∼ G σ 3 , and y 0 σ 2 = τ 4 σ 2 ∼ G σ 3 . Moreover, by [12, Proposition 7.9] , defe y 0 , y 1 , σ 2 = −4. Then y 0 y 1 ∼ G σ 3 and y 0 y 1 σ 2 ∼ σ 3 . Hence, the only element conjugate to σ 2 is σ 2 itself in y 0 , y 1 , σ 2 . Thus, by [12, Proposition 7 .25], a similar argument as the proof for Lemma 7 shows that (θ, Γ) is conjugate to either (σ 2 , y 0 , y 1 ) for the case y 1 ∈ Γ, or (σ 2 , y 0 , y 1 σ 2 ) for the case y 1 / ∈ Γ. In particular, y 0 ∈ Γ in both cases. It is known that y 0 = τ 4 = x 1 τ 3 , so y 0 is not the identity on the center of u σ2 0 . This completes the proof.
Lemma 9.
If the subgroup generated by θ and Γ is conjugate to y 0 , y 3 , σ 2 in G, then the pair (θ, Γ) cannot satisfy the requirement (iv).
Proof. Without loss of generality, assumes that the group generated by θ and Γ is equal to y 0 , y 3 , σ 2 . The proof is parallel to those for the previous lemmas, so the author omits the detailed calculation and just states the sketch. Firstly, y 0 ∼ G y 0 σ 2 ∼ G y 0 y 3 ∼ G y 0 y 3 σ 2 ∼ G σ 3 , y 3 ∼ G σ 1 , and y 3 σ 2 ∼ G σ 2 . Secondly, any pair (θ, Γ) is conjugate to either (σ 2 , y 0 , y 3 ) or (σ 2 , y 0 , y 3 σ 2 ). Thirdly, y 0 is not the identity on the center of u σ2 0 . This proof is completed.
Lemma 10. Suppose that the subgroup generated by θ and Γ is conjugate to x 1 , x 2 , σ 2 in G.
Then the pair (θ, Γ) satisfies all of the four requirements if and only if it is conjugate to either
Proof. Without loss of generality, assumes that the group generated by θ and Γ is equal to x 1 , x 2 , σ 2 . It is known by [12] 
Hence, the only element conjugate to σ 2 is σ 2 itself in x 1 , x 2 , σ 2 . Thus, there are totally four possible pairs: (σ 2 , x 1 , x 2 ), (σ 2 , x 1 σ 2 , x 2 ), (σ 2 , x 1 , x 2 σ 2 ), and (σ 2 , x 1 σ 2 , x 2 σ 2 ).
Let f be a group automorphism from x 1 , x 2 , σ 2 to itself given by f (σ 2 ) = σ 2 , f (x 1 ) = x 2 , and f (x 2 ) = x 1 . It is obvious that f (g) ∼ G g for all g ∈ x 1 , x 2 , σ 2 . Moreover, it is obvious that m(x 1 , x 2 ) = m(x 1 , x 1 x 2 ) = m(x 1 x 2 , x 2 ). Hence by [12, Proposition 7 .25], f gives a conjugation between (σ 2 , x 1 σ 2 , x 2 ) and (σ 2 , x 1 , x 2 σ 2 ). In the same way, one shows that (σ 2 , x 1 σ 2 , x 2 ), (σ 2 , x 1 , x 2 σ 2 ), and (σ 2 , x 1 σ 2 , x 2 σ 2 ) are pairwisely conjugate.
Furthermore, since x 1 , x 2 σ 2 contains an element conjugate to σ 3 while x 1 , x 2 does not, the two subgroups cannot be isomorphic. Therefore, (σ 2 , x 1 , x 2 ) or (σ 2 , x 1 , x 2 σ 2 ) are not be conjugate.
Finally, any element in those Γ is either in E 6(−78) or of the form xσ 2 with x ∈ E 6(−78) , and it is obvious that it satisfies the requirement (iv) in either case.
Lemma 11. Suppose that the subgroup generated by θ and Γ is conjugate to x 1 , x 4 , σ 2 in G. Then the pair (θ, Γ) satisfies all of the four requirements if and only if it is conjugate to one of (σ 2 , x 1 , x 4 ), (σ 2 , x 1 , x 4 σ 2 ), and (σ 2 , x 1 σ 2 , x 4 ).
Proof. Without loss of generality, assumes that the group generated by θ and Γ is equal to x 1 , x 4 , σ 2 . It is known by [12] 
Hence, the elements conjugate to σ 2 are exactly σ 2 and x 4 σ 2 in x 1 , x 4 , σ 2 . Thus, there are totally eight possible pairs:
Let f be a group automorphism from x 1 , x 2 , σ 2 to itself given by f (σ 2 ) = x 4 σ 2 , f (x 1 ) = x 1 , and f (x 4 ) = x 4 . It is obvious that f (g) ∼ G g for all g ∈ x 1 , x 4 , σ 2 . Moreover, it is obvious that m(x 1 , x 4 ) = m(x 1 , x 1 x 4 ) = m(x 1 x 4 , x 4 ). Hence by [12, Proposition 7 .25], f gives a conjugation between (σ 2 , x 1 , x 4 ) and (σ 2 , x 1 , x 4 ). Similary, one shows that (σ 2 , x 1 σ 2 , x 4 ), (σ 2 , x 1 , x 4 σ 2 ), and (σ 2 , x 1 σ 2 , x 4 σ 2 ) are conjugate to (x 4 σ 2 , x 1 σ 2 , x 4 ), (x 4 σ 2 , x 1 , x 4 σ 2 ), and (x 4 σ 2 , x 1 σ 2 , x 4 σ 2 ) respectively. Furthermore, (σ 2 , x 1 , x 4 σ 2 ) and (σ 2 , x 1 σ 2 , x 4 σ 2 ) are shown to be conjugate in the similar way.
On the other hand, x 1 , x 4 contains exactly three elements conjugate to σ 1 , x 1 σ 2 , x 4 contains exactly one element conjugate to σ 1 and two elements conjugate to σ 3 , and x 1 , x 4 σ 2 contains exactly one element conjugate to σ 1 , one element conjugate to σ 2 , and one element conjugate to σ 3 . Therefore, these Γ are pairwisely non-conjugate. It follows that (σ 2 , x 1 , x 4 ), (σ 2 , x 1 , x 4 σ 2 ), and (σ 2 , x 1 σ 2 , x 4 ) are pairwisely non-conjugate.
Finally, for the same reason as the proof for Lemma 10, all the pairs satisfy the requirement (iv).
Lemma 12.
Suppose that the subgroup generated by θ and Γ is conjugate to x 4 , x 5 , σ 2 in G.
Then the pair (θ, Γ) satisfies all of the four requirements if and only if it is conjugate to either
Proof. Without loss of generality, assumes that the group generated by θ and Γ is equal to x 4 , x 5 , σ 2 . The proof is parallel to that for Lemma 11, so the author omits the detailed calculation and just states the sketch. Firstly,
Secondly, any pair (θ, Γ) is conjugate to either (σ 2 , x 4 , x 5 ) or (σ 2 , x 4 , x 5 σ 2 ). Thirdly, (σ 2 , x 4 , x 5 ) and (σ 2 , x 4 , x 5 σ 2 ) are not conjugate. Finally, they satisfy the four requirements.
Lemma 13. Suppose that the subgroup generated by θ and Γ is conjugate to y 3 , y 4 , σ 2 in G. Then the pair (θ, Γ) satisfies all of the four requirements if and only if it is conjugate to one of (σ 2 , y 3 , y 4 ), (σ 2 , y 3 , y 4 σ 2 ), and (σ 2 , y 3 σ 2 , y 4 σ 2 ).
Proof. Without loss of generality, assumes that the group generated by θ and Γ is equal to y 3 , y 4 , σ 2 . The proof is parallel to that for Lemma 11, so the author omits the detailed calculation and just states the sketch. Firstly,
and y 3 y 4 σ 2 ∼ G σ 3 . Secondly, any pair (θ, Γ) is conjugate to one of (σ 2 , y 3 , y 4 ), (σ 2 , y 3 , y 4 σ 2 ), and (σ 2 , y 3 σ 2 , y 4 σ 2 ). Thirdly, the three pairs are pairwisely non-conjugate. Finally, they satisfy the four requirements.
The following proposition is displayed as a summary of Lemma 6 to Lemma 13. (1) (σ 2 , x 1 , x 2 ); (2) (σ 2 , x 1 , x 2 σ 2 ); (3) (σ 2 , x 1 , x 4 ); (4) (σ 2 , x 1 , x 4 σ 2 ); (5) (σ 2 , x 1 σ 2 , x 4 ); (6) (σ 2 , x 4 , x 5 ); (7) (σ 2 , x 4 , x 5 σ 2 ); (8) (σ 2 , y 3 , y 4 ); (9) (σ 2 , y 3 , y 4 σ 2 ); (10) (σ 2 , y 3 σ 2 , y 4 σ 2 ).
Proof. The conclusion follows from Lemma 6 to Lemma 13.
In order to compute the explicit Klein four symmetric pairs of holomorphic type for g 0 , the author needs to calculate u Γ 0 which is the compact dual of g 
